Inspired by bacterial chemotaxis, we propose and study the dynamics of a 3D hydrodynamical search-machine at micrometer scale. Chemotactic memory of the proposed system that is borrowed from bacteria, allows it to search the uid medium and nd the required target. As the motion in micron size length scale is dominated by random forces, we analyze the statistical properties of the model. Mean square displacements, orientational correlation functions and also the chemotactic index (CI) of the system are investigated in detail. Because of the chemotactic memory, the system shows superdiffusing displacements in all directions and the diffusion exponents are anisotropic for the directions along or perpendicular to a preferred direction given by the gradient of attractant molecules transmitted by the target.
Introduction
Construction of micro-machines with the ability of performing directed motion toward a speci c target at micrometer length scales, attracts many interests in recent years [1] [2] [3] . Devising smart cargo carriers and drug delivery systems in cellular environments, constructing ef cient mixers in micro uidic and cell motility experiments are among the potential applications of such molecular machines [4] [5] [6] .
From the physical principles, the inertia-less condition and also the presence of thermal uctuations arising from impacts of uid molecules, are the most important challenges that limit possible proposals for the engineering of micrometer scale motors. This means that the motion in micron scale is totally dominated by viscous forces and inertia has no effect in the motion at all [7, 8] , one should note that at daily life we always bene t the inertia to produce ef cient movements. In addition to overcoming this hydrodynamic peculiarity, any ef cient search machine needs a kind of memory to compare its current position with its position at the previous step(s) to nd and navigate through correct route.
Chemotaxis is a mechanism that microscopic organisms use to detect the right way toward their targets [9] [10] [11] [12] . In this article, we bene t from the chemotaxis and propose a functional molecular machine. The phenomenon of chemotaxis has inspired extensive research both due to its direct biological relevance [13] [14] [15] and also because of the practical needs for designing arti cial nano-robots that can sense the direction [16] . Random walk, is the traditional mathematical tool that can describe the uctuating trajectories of a chemotactic bacterium [17] [18] [19] [20] [21] [22] . True mathematical description of chemotaxis in terms of random walk, requires knowledge about the amount of jumping displacements, rotations and their transition probabilities. So far, theoretical studies on random walk modeling for microorganisms, do not consider both the hydrodynamical details and the mechanism of chemotactic memory in a uni ed model. In this article, we aim to construct a model that takes into account the details of hydrodynamical displacements, mechanism of chemotaxis memory and also the physics of uctuations. We rst introduce the hydrodynamical details of the system, then de ne the memory mechanism and nally the statistical properties of the model will be studied using numerical calculations.
Hydrodynamical model
Our goal in this article is to combine the idea of chemical memory with a hydrodynamical model of a walker. Now let us introduce the hydrodynamical details of our system. Inspired by a bacterium, gure 1(a) shows the body of our walker that is modeled by a sphere of radius R. The driving force is modeled by a mobile small sphere with radius a. To simplify the mathematical details, we can assume that ≪ a R. These two spheres are connected by an arm with negligible diameter. This model resembles the geometry of a bacterium with a single tail. As shown in this gure, and in a reference frame connected to the large sphere, jumps of this small sphere between 4 vertices of a pyramid will construct all internal discontinues jumps of our machine. The apex of this pyramid is a point with a distance L apart from the large sphere and is chosen as state (1) . The other 3 states are located on the base of this pyramid. The apex angle is φ 2 and the apex sides are ε. The base of this pyramid is an equilateral triangle with sides ε φ 2 sin . The angle ϕ may resemble the amplitude of agellum undulations. The hydrodynamic question that we need to address here, is the differential change of the position and orientation of the system for an internal jump. For a uid with viscosity η and at the condition of micron scale, the inertialess stokes equation η∇ − ∇ = P u 0 2 , written for the uid velocity u and pressure P, describes the dynamics. The condition of incomprehensibility, should also be considered. A prescribed motion corresponding to a jump of the small sphere, will enter to the dynamics through the boundary conditions. Solving the Stokes equation with the corresponding boundary conditions would result the dynamical properties of the large sphere during an internal jump. Calculations similar to the details presented elsewhere, reveals the dynamical results [23, 24] . To summarize the hydrodynamical results, let's denote the relative speed of small sphere with respect to the large sphere in each jump by v. Now the differential displacement and rotation of the large sphere in the laboratory frame for a jump from state (i) to state ( j ) read:
where n represents the directer vector of the walker and (ˆ) R n is an appropriate rotation matrix that transform the co-moving frame of reference to the frame of laboratory. The co-moving frame is shown in gure 1(a). The differential rotations and displacements in the co-moving frame are given by:
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Please note that the results are presented for a walker with ε ≪ L. The differential changes are given only for two jumps, a jump started from the apex and a jump in the base face of the pyramid. Other jumps can be obtained from these two special jumps by applying the appropriate rotation matrices. Symmetry requires that
A hydrodynamic time scale can be de ned as:
. This is the time for all the jumps that start from the apex of pyramid. The time for other jumps (all jumps in the base of pyramid) are given by: τ ϕ 2 sin H . General hydrodynamic arguments show that for an object with internal cyclic motions, a minimum number of two internal degrees of freedom, is necessary to achieve net propulsion at low Reynolds number (inertia-less) condition [7] . According to this so called Scalop theorem in low Reynolds hydrodynamics, Scalop (a system with one internal degree of freedom) is not able to swim. One should note that as our hydrodynamical system has a single internal degree of freedom (the distance between two spheres), there is no way to break the time reversal symmetry and achieve a nite propulsion during a full cycle of periodic motion. Any motion corresponding to a closed cycle along pyramid, will recover the initial state of the system.
In the next section we introduce the chemotactic memory of a bacterium then show how can we combine the idea of chemotactic memory with the above introduced hydrodynamical walker and construct a system with one internal degree of freedom that can move and nd its target.
Chemotactic memory
To have a plan for internal jumps, we use the chemotactic strategy that bacteria use to navigate. Among different microorganisms, the chemical network responsible for chemotactic signaling is well understood and studied in Escherichia coli [25] [26] [27] [28] . Running state of this bacterium is due to the CCW (counter clockwise) rotation of agella and changing the agellar rotational state to CW (clockwise) will result a tumble. A set of chemical processes inside the cell provide a kind of chemical memory for the cell. These chemical signals, control the frequency of running and tumbling states. As a result of such memory, the organism can record a history of the food concentration along its trajectory. Depending on the conditions, a bacterium with this sort of memory will have chance to nd a way to reach a point with maximum value of food concentration.
Now we want to combine the idea of chemotactic memory with the details of hydrodynamic jumps of the walker. Our modeling is based on stochastic jumps. Let denote the transition probability for jump from state (i) to state ( j ) by P ij . In the case with P ij = 1/3, we will have a random walker that has no chance to sense the direction of gradient. What we want to consider, is a sort of an intelligent walker that can dynamically change its jumping probabilities. In comparison with E. coli, we rst de ne a set of jumps that corresponds to a CW rotation. We de ne all the following jumps as CW jumps:
Please note that this de nition for the CW rotations is not unique and other choices can work as well. In gure 1(b), all these CW jumps, are shown. After de ning CW rotations, we assume that the probability for any CW jump is given by a signal ( )
, from a chemotactic memory, and other jumps are determined randomly so that:
Here → r, is the position of the walker at time t. Similar to the chemotaxis signaling network of E. coli, we assume that the signal S, is connected to the source c (the local concentrations of food) through an intermediate dimensionless memory function m as: [27] . The dynamics of memory function is given by:
, where the dimensionless time scale of the adaptation is given by / τ τ H ch and v 0 is a constant that has the dimension of volume. For a uniform pro le of the concentration, this system reaches a steady state with
Here ξ is a parameter in the interval [0,1] and it shows how the internal jumps of the walker is anisotropic in the absence of any food gradient. Throughout this paper we will choose ξ = 0.95. For a nonuniform concentration pro le, there is no static steady state solution and the system evolves in time by continuously adjusting its relative position and orientation with respect to the concentration pro le.
To have more insights on the concept of memory time, we can introduce a quantitative measure for it. How much time does the system need to reach its equilibrium value / ξ = S 3, when we make a sudden change in the concentration pro le? This time would be a good choice for memory time. In gure 2, we have studied the response of the above chemical system to a sudden change in concentration. For time in the interval /τ < < t 0 5 H , the concentration is given by v 0 c = 0 and the system is in its stationary state. On /τ = t 5
H , we suddenly change the concentration pro le to v 0 c = 100 and keep it on till /τ = t 10
H then suddenly turn it off. As one can see, after any change in concentration, the signal function S(t) will start to deviate from its stationary value. The memory time is the time that this deviation persists before reaching steady state. As it is evident from gure 2, the memory time shows different values when we turn the gradient on or off. This simple example shows that, the exact memory time, in principle is a complicated function of the different parameters of the system. The width of rst non stationary plateau (t = 5 to 7) is smaller than the second plateau (t = 10 to 13). By plateau we mean a time interval that the signal S is different from its stationary value. This means that the chemical response time (memory time) for the cases when system feels an increase or a decrease in concentration are different. The memory time for a process with increasing food is much longer and for / τ τ < < 0 1 H ch , the system can remember only the direction of food reduction and it will move toward the points with less food.
Throughout this paper, and for nonuniform food concentration, we choose a linear gradient eld of the food concentration given by ( )
. In non-dimensional units, the slope is given by:
The statistical properties of this swimmer will be studied in details in the next section.
Results and discussions
We use a Monte Carlo like algorithm to simulate the dynamics of the walker. We put the walker at the origin with orientation along x-direction and choose a random internal stale for it then, try to generate its stochastic trajectory in space. As the system move in discrete jumps, its trajectory is also discrete. Let us assume that in step i, the walker is located in position x i , its orientation given by n i and its internal state is given by and nally if the random number lies in the third interval the walker perform the third transition. This is similar to Monte Carlo algorithm for simulating stochastic systems. Corresponding to each internal transition, we have their hydrodynamic movements that are given analytically in hydrodynamic section. Using the hydrodynamic movements, we can now calculate the new position and orientation of the walker. In this scheme, the most important part is the method with which we determine the numbers A and B. The length of the intervals should be proportional to the corresponding transition probabilities. For example, in the special example that we are using here, we choose P 12 = A, P 13 = (B − A), P 14 = (1 − B) . Using similar rules all internal jumps can happen with their appropriate probabilities. Figure 3 (a) shows a typical trajectory of the walker in a uniform concentration pro le of food molecules. It represents the trajectory of a random walker. Typical trajectories for the walker moving in this concentration eld is shown in gures 3(a) and (b), where the concentration is either uniform or nonuniform. As one can see, the subsequent tumbles bias the trajectory toward the place with larger concentration of food molecules. In the literature of chemotaxis, CI the chemotactic index is an important quantity that shows how accurate is a direction sensing mechanism [29] . It is de ned as the ratio of the walking displacement along the concentration gradient to the total length of the walking trajectory. Depending on the dynamical variables of the system, CI belongs to the interval ), the chemotactic index is positive. This is a signature saying that the chemotactic mechanism has a positive result and the walker can successfully reach the target, the place of more food. As we discussed before, the chemotactic index for / τ τ < < 0 1 H ch is negative, denoting the fact that the system goes to region with less food.
As the time scale for a single jump is given by τ H , this proves that τ ch plays the role of a memory time. The memory time should be greater than the individual jumping time and this is the only condition required to have a successful gradient sensing walker.
The CI is calculated for two different values of the apex angle. It is seen that the result of the searching mechanism is not so sensitive to this angle. Now we can study the statistical properties of the system for ⩾ τ τ H ch . One should note that due to small undulations approximation in our model, CI is very small and not comparable to real E. coli. To have a better understanding of the role of uctuations, we repeat the simulations for an ensemble of walkers and have studied the average statistical properties of the system. Mean displacement (MD), mean square displacements (MSD) and correlation functions are the statistical variables that we consider. To quantify the results of MSD, we de ne the diffusion exponents as:
where ∥ ν and ν ⊥ are the diffusion exponents along the gradient and along a direction perpendicular to the gradient, respectively. For a symmetric and normal random walker we have:
MD for a random walker moving in uniform and nonuniform concentration pro les are presented in gure 5(a). As we expect, for uniform concentration the characteristics of a random walker is recovered, but for a nonuniform concentration with a gradient in x direction, the walker is biased toward the positive x direction. For nonuniform concentration, MD in the perpendicular directions (⟨ ⟩ y , ⟨ ⟩ z )are zero but it is not zero in the direction of gradient (⟨ ⟩ x ). MSD in terms of time, in logarithmic scale, shows a nonlinear crossover from a short time to long time behavior. for this walker. This crossover is a result of the hydrodynamical anisotropy of the system. Please note that our system, spherical body with a connected tail, is anisotropic. A similar crossover is recently observed for a diffusing object with boomerang geometry [30] . Short time behavior for a walker moving in a linear concentration corresponds to ∥ ν ν ≈ ≈ The walker performs a super diffusion in all directions with an asymmetry in the direction parallel to the gradient concentration. Such a super diffusion motion in bacterial motion also has been observed [31] . In gure 6, we have studied the effects of the gradient strength on the diffusion exponents. As one can see, at larger gradient the diffusion exponents reach a constant values. To have more insights about the role of the geometry, we have studied the orientational correlation function ⟨ ( ) ( )⟩ θ θ t 0
represents the angle that the director of the walker makes with x axis (parallel to the concentration gradients). Figure 7 , shows the features of the correlation function for walkers moving in uniform and nonuniform concentrations. Correlation time, the decay time for the correlation, is sensitive to the apex angle. For larger apex angles, the correlation time is also larger. This graph shows that the crossover time is essentially the time that orientational correlation washes out. θ t x , is the angle that the director vector of walker makes with the x axis of the laboratory frame. Correlation time is sensitive on the geometrical variable (here ϕ) of the walker. For larger apex angle, the correlation function for a nonuniform gradient is larger than the corresponding value in uniform concentration. The dashed line shows the complete uncorrelated state with correlation / π 4 2 . The numerical parameters are as in gure 3.
In conclusion, we have proposed a hydrodynamical micromachine and have studied its statistical properties in a gradient eld produced by a target. Nontrivial coupling of geometrical parameters with dynamical characteristics, results interesting statistical properties of the machine. The memory time that is used in chemotactic mechanism, induces superdiffusion properties for the walker. A crossover from a short time to long time behavior of MSD is observed and the crossover time is the orientational correlation time. The hydrodynamic interaction between different walkers, is shown to have interesting features [32] . Along the extension of this work, we are considering the role of hydrodynamic couplings in the physics of interacting many walkers.
